We propose that the recently observed violation of the WiedemannFranz law in the normal state of underdoped cuprates is caused by spin-charge separation and dynamical chiral symmetry breaking, within a (2+1)-dimensional effective model with massless Dirac fermions, bosons and a U(1) gauge field. While the spinon gap vanishes at the Fermi points, at low temperatures no mobile fermionic excitations can be observed due to the dynamically generated fermion gap. This implies that there should not be a residual linear term for the thermal conductivity, in agreement with experiments. Our result provides compelling evidence that the antiferromagnetic order can coexist with metal-like behavior. * E-mail:gzliu@mail.ustc. 
The Wiedemann-Franz (WF) law [1] is one of the basic properties of Landau's Fermi-liquid theory for conventional metals. It states that at very low temperatures, where elastic collisions dominate, quasiparticles have the same ability to transport heat and charge and hence there exists a universal relation between the thermal conductivity κ and the electrical conductivity σ of a metal κ σT = π
where T is the absolute temperature and k B is Boltzmann's constant. Although this law has been shown to be valid in almost all metals, recently Hill et al. [2] for the first time reported a violation of the WF law in the normal state of a copper-oxide superconductor PCCO at T → 0. Later, Proust et al. [3] verified that the violation happens only in the underdoped and nearly optimally doped region. In particular, while the charge transport of this copper-oxide at low temperature is that of a fairly good metal, the residual linear term for the heat transport predicted by the WF law is not observed, indicating that the fundamental heat and charge carrying entities are not the usual Landau quasiparticles.
Naively, this striking result can be interpreted as the existence of spincharge separation [4] . At low temperatures, recent STM experiments [5] observed a pseudogap in the superconducting vortex cores which scales as the superconducting gap. Based on spin-charge separation this can be understood as follows [6] : deep in the superconductor, both spinons and holons have well-defined order parameters; when approaching the vortex core, the holon order parameter vanishes but the spinon gap persists, similar to the psudogap state above T c . As the magnetic field is increased, the vortices begin to overlap with each other and eventually suppress the superconduc-tivity completely at H c2 . Now the copper-oxide enters its pseudogap state, where the holons transport charge and the spinons transport heat since the heat conductivity given by bosons is proportional to T 3 . However, the pesudogap of PCCO is known to have a rather pure d x 2 −y 2 symmetry [2, 7] and hence vanishes at the four Fermi points k = (±π/2, ±π/2). Therefore, even at T → 0, a sizeable population of fermions should exist and contribute a constant term to the thermal conductivity, inconsistent with experiments [2] .
In this paper we propose that the absence of a residual linear term of the thermal conductivity of PCCO at low temperatures is due to the inherent dynamical chiral symmetry breaking (CSB) in a (2+1)-dimensional model consists of massless Dirac fermions, bosons and a U(1) gauge field. Once CSB happens, although the spinon gap vanishes at the Fermi points we still can not observe mobile fermionic excitations due to the dynamically generated fermion gap. Therefore, the low energy excitations are all bosonic, such as the phonons, the holons and the Goldstone bosons arising from the symmetry breaking. Since bosons contribute a ∼ T 3 term to the thermal conductivity there is not a residual linear term at T → 0, in agreement with experiments.
Other possibilities, such as the spinon localization and the existence of a complex order parameter (for example, d x 2 −y 2 + id xy or d x 2 −y 2 + is) for the spinons, can also explain the absence of the residual linear term. However, considering the fact that the localization of spinons depends on samples and the complex spinon order parameter is inconsistent with experiments, we believe our proposal is more applicable since it is intrinsic and completely material independent.
Among many possible phases of two-dimensional Hubbard model [8] [9] [10] [11] ,
we begin with the staggered flux phase which is shown to reproduce many unique properties of underdoped cuprates. In this phase, the spinon has a d x 2 −y 2 gap. Since it vanishes linearly at the Fermi points (±π/2, ±π/2), the low energy excitations of this state are massless Dirac fermions which can be described by a (2+1)-dimensional relativistic quantum field theory [10] .
After including gauge fluctuations around the mean field ground state, we finally arrive at the following Lagrangian
which is the low energy effective theory of cuprates at half-filling and very
(Here 1,2 label two nonequivalent Fermi points, and e,o denote even and odd sites). The 4 × 4 γ µ matrices obey the
to enforce the local no-double-occupancy constraint. For simplicity, we let
The Lagrangian (2) is actually the (2+1)-dimensional massless QED (QED 3 ), which is invariant under two chiral transformations ψ → exp(iθγ 3 )ψ and ψ → exp(iωγ 5 )ψ, with γ 3 and γ 5 two 4 × 4 matrices that anticommute with γ µ (µ = 0, 1, 2). A mass term mψψ for the fermions will break these chiral symmetries. One of the most interesting characteristics of QED 3 is that the massless fermions may develop a finite mass term via the interaction with strong gauge field, called dynamical CSB [12] [13] [14] [15] . It is known that CSB is a nonperturbative phenomenon and hence any calculation based on perturbation theory fails to obtain it. The standard approach to this problem is to solve the DS nonlinear integral equation for the fermion self-energy. The inverse fermion propagator can be written as
where A(p 2 ) is the wave-function renormalization and Σ(p 2 ) is the fermion self-energy function. To the lowest-order in the 1/N expansion, the DS equation for the mass function Σ(p 2 ) has the following form
where we set A(p 2 ) = 1 and neglect the vertex correction and other higherorder corrections. Generally, if this integral equation has only trivial solutions, the fermions are massless and the chiral symmetries are not broken.
If, on the contrary, Σ(p 2 ) develops a nontrivial solution the fermions then acquire a finite mass, which break the chiral symmetries [16] . Note that there is not a dynamical term for the U(1) gauge field in the Lagrangian (2), so its dynamics is obtained upon integrating out the fermions. In the Landau gauge, the gauge boson propagator is
with the one-fermion-loop vacuum polarization Π F (q 2 ) = N/8 |q|. Under these approximations, Appelquist et al. [12] solved the DS equation (3) analytically and numerically and found that Σ(p 2 ) can have a nontrivial solution only for N < N c = 32/π 2 . In the case of cuprates, N = 2 < N c ; therefore, the originally massless fermions obtain a dynamically generated mass.
However, in the underdoped region, the occurrence of holons may change this critical behavior. To examine whether CSB exists in this region, we will consider the holon degree of freedom and reanalyze the Dyson-Schwinger (DS) equation to look for the new critical flavor number N ′ c . Generally, it is believed [17] that CSB happens only in the gauge theories those are asymptotically free, such as QCD and QED 3 [18] . But an additional scalar field will destroy the asymptotic freedom and hence the CSB, as the Higgs fields do in the Standard Model for the electroweak theory. Keeping this in mind, we see that assessing the effect of the holons on N c appears to be a highly nontrivial issue. Unfortunately, the behavior of the holons are at present poorly understood and it is very difficult to derive a microscopic theory for the holons. To carry out calculations, proper assumptions and approximations should be made. In practice, most previous treatments [19] [20] [21] simply neglect the holon sector and focus on the Lagrangian (2) only. In particular, Kim and Lee [21] have discussed the modification of N c by the introduction of holons. Adopting a particular gauge propagator
and certain approximations, they showed that introducing the holons reduces the critical fermion number to a new quantity N c /2 = 16/π 2 and hence CSB no longer occurs. However, this result is suspectable because, while N c is shown by Nash [13] long ago to be a gauge invariant quantity, the factor 1/2 appearing in the new critical number is not. If, for example, Feynman gauge is adopted, the new critical number becomes 2N c /3 = 64/3π 2 , which is larger than the physical number. Therefore the critical behavior of (2) in the presence of holons is still unclear.
In this paper, we assume that at low temperatures the Lagrangian for the holon sector is that of the (2+1)-dimensional scalar QED
where A µ is the external gauge potential and m is the mass of holons. Since spin-charge separation is supposed to exist there is not a Yukawa type coupling between the spinons and the holons and the only effect of the holons on the DS equation (3) is to modify the propagator D µν (q) of the internal gauge field. To the lowest order, we consider only the one-loop correction to the vacuum polarization Π(q 2 ) from the holons. Straightforward Feynman diagram calculation gives this term
For calculational convenience, we set m = 0, then
Using the fact that the total vacuum polarization Π is the sum of Π F and Π B , we have
This expression is rather simple, so it can lead us to an analytical result. Replacing the vacuum polarization in (4) with this term and then substituting the new propagator to the DS equation (3), it is easy to show that Σ(p 2 ) has a nontrivial solution only when
Our new critical fermion number has an advantage in that it is gauge invariant, as can be easily seen. Our result shows that N ′ c is larger than the physical number and the system still exhibits CSB after considering the effect of the holons. This is a rather striking result. It means that although the spinon gap vanishes at certain points, at low temperatures no free fermionic excitations can be observed and the low energy excitations are all bosons, i.e., the phonons, the holons and the Goldstone bosons. This can explain why there is not a residual linear term for the thermal conductivity of PCCO at T → 0. Note that in (6) no Bose condensation is assumed, so the holons are mobile excitations, similar to the free electrons in metals.
We should emphasize that the gap generated by CSB is not the same as the spinon gap, i.e., the pseudogap. The pseudogap is a spin gap with an energy scale set by the antiferromagnetic exchange constant J, which would become the superconducting gap with the condensation of the holons in zero or low magnetic fields. This gap is highly anisotropic and vanishes linearly at the vicinity of the Fermi points. Due to this property, a number of gapless fermions would be excited, but they actually appear only in the form of fermion-antifermion pairs due to the strong gauge fluctuation.
The CSB is generally interpreted as the formation of the antiferromagnetic long-range order [21, 22] , with the spin waves corresponding to the Goldstone bosons arising from the symmetry breaking. This strongly suggests that the underlying groud state of the normal state of underdoped cuprates is actually an antiferromagnetism. But it is fundamentally different from the Néel state at half-filling since in this region the charge can be transported fairly well, giving rise to a metal-like resistivity. This implies that magnetic long-range order is not necessarily correlated to the insulating behavior, as elaborated previously by Balents et al. [23] in a different context. However, finite temperature will restore the chiral symmetry and this antiferromagnetic order is not expected to occur in the normal state of samples in zero or low external magnetic fields.
We next would like to discuss several possible higher-order corrections that can influence the critical fermion number N c . First of all, although the Bose condensation is completely suppressed by strong magnetic fields, the internal gauge field may acquire a finite mass via the instanton effect [24] . On the other hand, CSB in QED 3 is known to be a essentially lowenergy phenomenon because only in the infrared region the gauge interaction is strong enough to cause fermion condensation. This effective asymptotic freedom for the gauge field requires fermions be apart from each other. But when the instanton effect is significant the massive gauge field is unable to mediate a long range interaction. To see this conflict more explicitly, we take an extreme example. In our case, the propagator of the massive gauge field (with mass η) is D µν (q) =
. After inserting this expression into the DS equation (3) and performing angular integration, we
In the strong coupling limit the instanton effect gives the gauge field a very large mass, say η ≫ (N + 1/2) /8. This limit actually corresponds to the four-fermion interaction, which leads to the heavily simplified DS equation
Obviously, this equation has no physical solutions; thus, a large η of the gauge field can suppress the CSB. The large mass also causes confinement and spin-charge recombination [19] , where well-defined quasiparticle peak should be observed by ARPES measurements. Fortunately, experimental result [2] suggests that the spinons and the holons are actually well separated.
Based on this, we expect that the system is actually in the weak coupling limit, implying a very small η if it is indeed present. Then the last term in the kernel of (11) that is proportional to η can be dropped safely, leaving a DS equation that is the same as the one studied in [12] except a multiple constant. So the instanton effect does not quantitatively change the critical number N c . Secondly, v σ,1 is not equal to v σ,2 in most materials; actually, the ratio between these two quantities is larger than 10 in both YBCO and BSCCO [25] . Recently, Lee and Herbut [26] addressed this issue in a physically different but mathematically related model and found that a weak velocity anisotropy increases the critical number. Their result suggests a stability of our conclusion against any velocity anisotropy. Furthermore, in this paper we consider only the one-loop contribution to the vacuum polarization from spinons and holons. Following [12] , investigations [13, 15] showed that higher-order corrections, including the full vacuum polarization, the wave function renormalization and the vertex function, have only minor influence on the chiral behavior of QED 3 . But these calculations said nothing about the higher-order corrections from the holons. Finally, the holons may have a mass that can not be ignored. Owing to lack of correct understanding of the holons, we at present do not know how to estimate their mass. To what extend these two factors would modify N c will be discussed elsewhere.
In conclusion, within a (2+1)-dimensional quantum field theory consisting of massless Dirac fermions, bosons and a U(1) gauge field for a spin-charge separated normal state of underdoped cuprates, we show that the massless fermions acquire an dynamically generated mass which breaks the chiral symmetries of the theory. This implies that although the spinon gap vanishes at the Fermi points, at low temperatures there are no mobile fermionic excitations. Therefore, we can not observe a residual linear term for the thermal conductivity at T → 0. Furthermore, our result points to a very interesting underlying ground state for the normal phase of underdoped cuprates where antiferromagnetic long-range order coexists with metal-like behavior.
Whether this state exists in nature may be clarified by future experiments.
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